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Abstract
It is shown that the application of the Nikiforov-Uvarov method by
Ikhdair for solving the Dirac equation with the radial Rosen-Morse poten-
tial plus the spin-orbit centrifugal term is inadequate because the required
conditions are not satisfied. The energy spectra given are incorrect and
the wave functions are not physically acceptable. We clarify the problem
and prove that the spinor wave functions are expressed in terms of the
generalized hypergeometric functions 2F1(a, b, c; z). The energy eigenval-
ues for the bound states are given by the solution of a transcendental
equation involving the hypergeometric function.
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Recent paper [1] paid attention to the bound state problem of the Dirac
equation for the radial Rosen-Morse potential plus the spin-orbit centrifugal
term under the conditions of the spin and pseudospin symmetries by means of
the Nikiforov-Uvarov method (NU) [2] . This problem has been reduced to the
solution of the respective Schro¨dinger-like bound state equations[
− d
2
dr2
+
κ(κ+ 1)
r2
+
1
~2c2
(
Mc2 + Enr ,κ − Cs
)
Σ(r)
]
Fnr ,κ(r)
=
1
~2c2
[
E2nr ,κ −M2c4 + Cs
(
Mc2 − Enr ,κ
)]
Fnr ,κ(r); Fnr ,κ(0) = Fnr ,κ(∞) = 0,
(1)
(see eq.(20)in Ref.[1]) and
1
[
− d
2
dr2
+
κ(κ− 1)
r2
− 1
~2c2
(
Mc2 − Enr ,κ + Cps
)
∆(r)
]
Gnr ,κ(r)
=
1
~2c2
[
E2nr ,κ −M2c4 − Cps
(
Mc2 + Enr,κ
)]
Gnr,κ(r); Gnr ,κ(0) = Gnr ,κ(∞) = 0,
(2)
(see eq. (22) in Ref.[1]) where M is the mass of the particle, Enr,κ is the bound
state energy, κ denotes the spin-orbit quantum number, Cs and Cps are two
constants and the functions Σ(r) and ∆(r) are identical and represent a certain
phenomenological external potential which has been taken in the Rosen-Morse
form
Σ(r) = ∆(r) = −4V1 exp(−2αr)
(1 + exp(−2αr))2 + V2
1− exp(−2αr)
1 + exp(−2αr) . (3)
The use of the following approximation
1
r2
≈ 1
r2e
[
D0 −D1 exp(−2αr)
1 + exp(−2αr) +D2
(
exp(−2αr)
1 + exp(−2αr)
)2]
, (4)
and the elementary change of variables
z = − exp(−2αr) (5)
reduce eqs. (1) and (2) to the Gauss’s hypergeometric differential equations[
z(1− z) d
2
dz2
+ (1− z) d
dz
− β1z
2 − β2z + ε2nr ,κ
z(1− z)
]
Fnr ,κ(z) = 0; Fnr ,κ(−1) = Fnr ,κ(0) = 0,
(6)
[
z(1− z) d
2
dz2
+ (1− z) d
dz
− β1z
2 − β2z + ε2nr ,κ
z(1− z)
]
Gnr ,κ(z) = 0; Gnr ,κ(−1) = Gnr ,κ(0) = 0,
(7)
where the quantities εnr ,κ, β1, β2, εnr,κ, β1 and β2 are defined by eqs. (28a),
(28b), (28c), (45a), (45b) and (45c) in Ref.[1], respectively. Note that a minus
sign is missing in the boundary conditions (see eqs. (27) and (44) of Ref.[1]).
At this stage, unfortunately, the author of the Ref. [1] employs the polyno-
mial method (NU) to solve the differential equations (6) and (7). To implement
this approach, he gave to expressions of the polynomial σ(z) and of the func-
tions ρ(z) and φ (z) the following canonical forms (see eqs. (29), (37) and (38)
in Ref.[1]):
σ(z) = z(1− z), (8)
2
ρ(z) = z2εnr,κ(1− z)2δ+1, (9)
and
φ (z) = zεnr,κ(1 − z)δ+1. (10)
for the spin symmetry solution and just replace εnr ,κ and δ by εnr ,κ and δ1
for the pseudospin symmetry solution. Then, he claimed to have obtained the
solutions of eqs. (6) and (7) as
Fnr ,κ(z) = φ (z) ynr (z)
= Nnr ,κzεnr,κ(1− z)δ+1P (2εnr,κ,2δ+1)nr (1− 2z), (11)
and
Gnr ,κ(z) = φ (z) ynr(z)
= Nnr,κzεnr,κ(1 − z)δ1+1P (2εnr,κ,2δ1+1)nr (1− 2z), (12)
where P
(µ,ν)
nr (x) is the Jacobi polynomial.
However, there are some serious points that invalidate these solutions. First,
they do not satisfy the boundary conditions Fnr ,κ(−1) = 0 and Gnr,κ(−1) = 0 .
So they are not physically acceptable. Next, it should be noted that the weight
ρ(z) does not satisfy the condition
σ(z)ρ(z)zk
∣∣b
a
= 0, (k = 0, 1, ...), (13)
(see theorem on the orthogonality of polynomials of hypergeometric-type in
Ref. [2], eq. (17), p. 29 ). Here (a, b) ≡ (−1, 0). Then, the hypergeometric
functions ynr(z) are not orthogonal polynomials on the interval (−1, 0) and in
this case, one can not extract the eigenvalues of the energy from the equation
(see Ref. [2], eq. (13), p. 9 ),
λnr + nrτ
′ +
nr(nr − 1)
2
σ′′ = 0; (nr = 0, 1, ...). (14)
Therefore, we must discard the above solutions entirely and the energy equations
given by (34) and (47) in Ref. [1] are not correct.
Since the polynomial method (NU) cannot be applied to the discussion of
the radial Rosen-Morse problem, we otherwise proceed to determine the energy
spectrum and the corresponding wave functions. In the case of spin symmetry,
we look for the solution of the equation (6) in the form
Fnr ,κ(z) = z
µ(1− z)δynr(z), (15)
in which, on account of boundary conditions, µ has to be positive and δ may be
a real quantity. Substituting (15) into (6) and taking
µ = εnr ,κ, (16)
3
and
δ± =
1
2
±
√
1
4
+ β1 − β2 + ε2nr,κ, (17)
we obtain for ynr (z) the differential equation{
z(1− z) d
2
dz2
+ [2µ+ 1− (2µ+ 2δ + 1) z] d
dz
− (µ+ δ)2 + β1
}
ynr(z) = 0.
(18)
The solution of this equation is the hypergeometric function
ynr(z) = N 2F1
(
µ+ δ± +
√
β1, µ+ δ± −
√
β1, 2µ+ 1, z
)
. (19)
Now, taking into account the formulas (see Ref. [3], eqs. (9.131), p. 1043),
2F1(α, β, γ; z) = (1− z)γ−α−β 2F1(γ − α, γ − β, γ; z), (20)
2F1(α, β, γ; z) = (1− z)−α 2F1
(
α, γ − β, γ; z
z − 1
)
, (21)
the upper component of the radial spinor wave function has the following ex-
pression
Fnr ,κ(r) = N
(−e−2αr)εnr,κ (1 + e−2αr)−εnr,κ−√β1
× 2F1
(
εnr ,κ + δ+ +
√
β1, εnr,κ − δ+ +
√
β1 + 1, 2εnr,κ + 1,
1
e2αr + 1
)
,
(22)
where N is a constant factor. The solution (22) fulfills the boundary condition
Fnr ,κ(0) = 0, when
2F1
(
εnr,κ + δ+ +
√
β1, εnr ,κ − δ+ +
√
β1 + 1, 2εnr ,κ + 1,
1
2
)
= 0. (23)
Then, the energy values for the bound states are given by the solution of this
transcendental equation (23) which can be solved numerically.
In order to obtain the pseudosymmetry solution, we proceed similarly as for
the previous case and obtain the lower component of radial spinor wave function
Gnr ,κ(r) = N
(−e−2αr)εnr,κ (1 + e−2αr)−εnr,κ−√β1
× 2F1
(
εnr,κ + δ+ +
√
β1, εnr,κ − δ+ +
√
β1 + 1, 2εnr,κ + 1,
1
e2αr + 1
)
,
(24)
where
δ+ =
1
2
+
√
1
4
+ β1 − β2 + ε2nr ,κ, (25)
4
and N is a constant factor. Then, the energy spectrum can be also found from
a numerical solution of the transcendental equation
2F1
(
εnr ,κ + δ+ +
√
β1, εnr,κ − δ+ +
√
β1 + 1, 2εnr ,κ + 1,
1
2
)
= 0. (26)
In conclusion, given boundary conditions, the problem of solving the equa-
tions (6) and (7) does not belong to the class of quantum mechanical problems
when it comes to search for energy levels and wave functions of a quantum
system moving in a field of forces using classical orthogonal polynomials as
eigenfunctions.
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